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Abstract. In this paper we propose a mean-field theory to
calculate the solvation free energy of a charged solute
imbedded in a complex multi-component solvent. We
considered a solvent made up of a mixture of small
(electrolyte solution) and large (polymer) components.
The presence of macromolecules ensures reduced mixing
entropy among the different solvent components, an ef-
fect due to polymer connectivity. The reduced entropy
favours strong preferential distribution of a particular
solvent even in the presence of weak preferential solute—
solvent interactions. In addition, two energy terms must
be considered: (a) the interaction between the solute
electrostatic potential and the electrolyte solution and (b)
the formation of a polymer—solute interface. Because of
the different dielectric permittivity of the solvent com-
ponents, the electrolyte and polymer distribution func-
tions are strongly coupled: ions, indeed, are more
solvated in regions of higher local dielectric permittivity
arising from the inhomogeneous mixing of solvent and
polymer. We combined together the different energy
terms in the framework of the de Gennes free energy
functional for polymer solutions along with a generalised
Poisson—Boltzmann equation developed for inhomoge-
neous dielectric media. Moreover, the preferential elec-
trolyte solvation in regions of greater polarity was
considered by an extension of the Born equation.Setting
the polymer dielectric permittivity smaller than the sol-
vent one and making null the specific polymer—solute
interactions, we calculated enhanced electrolyte concen-
tration and reduced polymer concentration near the sol-
ute surface on raising the solute surface charge density.
The theory shows also the breakdown of the widely used
separation between electrostatic and surface tension-
dependent contributions to solvation energy when non-
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ideal mixed solvents are considered. In fact, according to
the model, the surface tension of such mixed solvents
strongly depends on the solute surface charge density: at
high potentials the interfacial tension may increase rather
than decrease on raising the polymer volume fraction.
The theoretical results have been compared with experi-
mental data on polymer +electrolyte solution surface
tension and with solubility data of colloidal particles.The
comparison evidences the complex behaviour of multi-
component solvents going well beyond the trivial
weighted average of the dielectric permittivity and surface
tension of the isolated chemical components. Deviations
from the simple behaviour predicted by an average pic-
ture of multi-component solvents could be understood by
developing more sophisticated, but still simple, ap-
proaches like that proposed in this paper.
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Introduction

A continuum picture of the solvent around a solute
particle is extremely appealing because it reduces the
complex many-body problem typical of solute-solvent
interactions to a pseudo two-body one. Among the dif-
ferent continuum theories, particularly simple and useful
appear to be those based on a classical electrostatics
picture of the solvent depicted as a continuum and
homogeneous dielectric surrounding a solute-containing
cavity. Inside the cavity, whose size and shape are pro-
portional to that of the bare solute molecule, the charge
distribution of the solute polarises the cavity interface.
In turn, the induced electrostatic potential interacts with
the solute, inducing charges. The free energy associated
with the charging process described above represents the
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electrostatic contribution to the solvation energy, a
concept thoroughly developed in many papers either in a
classical or a quantistic description of the solute [1, 2].
The work needed to create a solute-containing cavity
inside the solvent is usually named cavitation (or
solvophobic) energy. This contribution, to be added to
the electrostatic one, is roughly proportional to the
solute—solvent interfacial area and to the solvent inter-
facial tension (see, e.g. [2, 3] and references therein).
Dielectric continuum models developed so far basi-
cally deal with the following systems: (i) one-component
neutral solvents, and (ii) neutral solvents where point-like
charges are dissolved (electrolyte solution). Mixtures of
neutral solvents could be approximately described by
introducing the averaged dielectric permittivity and
interfacial tension, which are roughly the weighted aver-
age of the isolated solvent properties. Such a naive pic-
ture completely neglects the notion of preferential
solvation or, in other words, the different radial distri-
bution of the two solvents around the solute (for a series
of recent representative papers on this topic see, e.g., [4, 5,
6, 7]). Preferential solvation for a specific solvent may
induce strong deviation of the solvation energy calculated
by using weighted average properties of the mixed solvent.
Multi-component solvents represent an interesting
field, quite unexplored by theoreticians. Particularly
interesting are those with huge differences in size, for
instance water (or electrolyte solutions) and water-
soluble polymers. The interest in such a kind of mixed
solvent is two-fold:
(a) From a fundamental point of view the above
system strongly deviates from the ideal behaviour
because the solvent entropy is dramatically low-
ered when large molecules are mixed with small
ones (see the forthcoming section for a more
quantitative analysis). This means that even mod-
est preferential interactions of one solvent with the
solute may locally change the mixing properties
giving rise to a sort of local phase separation just
near the solute—solvent interface. When large
solutes are considered, this picture allows one to
introduce concepts like wetting transitions or
hydrodynamic instability of stratified fluids, prob-
ably useful in describing solvation energy in multi-
component fluids.
Most key biological structures (e.g. cells, vesicles,
viruses, platelets and chromosomes) are micron-
sized charged objects imbedded in an electrolyte
solution also containing water-soluble macromol-
ecules (hydrosoluble proteins, mucopolysaccha-
rides and so on). Furthermore, in recent years
there has been a growing technological interest in
water-based solvents made up of electrolyte solu-
tions and water-soluble polymers [8] (e.g. polyeth-
ylene glycol (PEG)). These fluids do not contain
volatile solvents, dangerous for human health and
harmful to the environment; moreover, by varying
the kind and/or concentration of electrolytes one

(b)

can continuously shift their solvophobic and solv-
ophilic properties. For instance, dilute PEG—elec-
trolyte aqueous solutions are currently used in
biotechnological laboratories to induce aggrega-
tion and fusion of cells, viruses and lipid vesicles [9,
10], to condense highly charged macromolecules
like DNA [11] or in protein crystallisation proce-
dures [12].

On the basis of these considerations it should be
interesting to investigate by simplified models the
complex interplay between solute—electrolyte and sol-
ute—polymer interactions that, as we will show later,
are strongly coupled to each other in a rather intricate
way.

Theory
Free energy functional

Consider a dilute electrolyte solution in which a neutral,
soluble polymer is dissolved. We focus the analysis on
physical conditions where the two components (elec-
trolyte solution and polymer) do not phase-separate in
the whole range of considered concentrations and
temperature. The model is developed in the case of
large solutes whose size is larger than the polymer
gyration radius; the opposite limit of small solutes must
be treated by adopting a completely different picture
[13, 14].

Letting z be the distance from the solute surface
(considered as an infinite plane, curvature effects are
here ignored), we define ¢ (z) and c¢_(z) as the local
concentration of positive and negative ions, each of
them carrying a positive and negative charge =+ Ze,
respectively (symmetrical electrolyte). Moreover, ®(z) is
the local polymer volume fraction and N> >1 the
polymerisation degree. The corresponding polymer and
electrolyte bulk concentrations are denoted ® and ¢, =
¢_ = ¢. Mass conservation imposes the following rela-
tionship to the solvent mole fraction: @3 =1— @ —
2¢ ~1—® in dilute electrolyte solutions. In the fol-
lowing we explore the relevant case of semi-dilute
polymer solutions, defined over the concentration range
[15]

N << ® <<1 (1)
In this range coils do overlap but the polymer fraction
is still low, a situation which allows for a useful con-
tinuum picture of the polymer solution. At lower
concentrations (dilute regime) coils behave like an ideal
gas of isolated hard spheres of radius Rp(~ N~3/°) and
the picture of polymer—surface interaction some-
what resembles the well-known Langmuir adsorption
isotherm. A cartoon of the investigated system is given
in Fig. 1.

In a mean-field picture the free energy of a polymer
semi-dilute solution can be partitioned as follows. The
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Fig. 1. Schematic drawings of a polymer-containing electrolyte
solution in contact with a charged wall in the presence (a) and in
the absence (b) of polymer—ion coupling

entropic contribution to the free energy associated with
homogeneous mixing among polymer, solvent and ions
reads

— TAShom sz%/V (¥log¥+c+ (z)loge(2)
2)
+c_(z)loge_(z)+ (1 —D(z))log(1 —(I)(z))>dV

where k is the Boltzmann constant, 7" is the absolute
temperature and «a is the size (length) of the single
molecular units (monomers, ions and solvent) which,
for the sake of compactness, have been assumed to
have identical size, a generalisation to the case of
different sizes being straightforward. The integration
is extended over the volume V of the electrolyte
solution.
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Equation 2 applies to nearly homogeneous polymer
solutions. In the presence of concentration gradients an
additional term must be considered. The occurrence of
spatial heterogeneities in fact modifies the whole energy
of fluid solutions, both for enthalpic and entropic con-
tributions. However, at variance with small-sized molec-
ular fluids, where the effects of concentration gradients
are localised near the interface, in strongly correlated
systems like polymer solutions, the perturbation propa-
gates deep inside the fluid. In semi-dilute polymer
solutions a fairly good expression for this term reads

inhom 1 az 8®(Z) 2
~TAS\IX NkTE/Vmcb(z)(l —CD(Z))( 0z ) v
(3)

Different theories for inhomogeneous polymer solutions
do not appreciably modify the above result, the only
variation occurring in the numerical coefficient [15, 16,
17].

The interaction energy among solvent, polymer
and ions can be decomposed into the sum of two
different terms. The former is the classical Flory-
type contribution accounting for polymer—polymer,
polymer—solvent and solvent-solvent forces [15].
They can be described in a mean-field picture
through a single dimensionless parameter y = y(7) =
ﬁ (—WSS — Wop + 2Wsp), where W describes the pair
interaction energy between i-th and j-th chemical spe-
cies (in most cases y>0). Following this picture, the
whole energy of interaction takes the simple form
KT % 7 [, ®(2)(1 — ®(2))dV.

The second term describes the solvation energy of
positive and negative ions imbedded in a heterogeneous
medium (solvent +ions + polymer). In the simplest case
of a homogeneous fluid this contribution can be
evaluated in a continuum picture by knowing the
averaged dielectric permittivity & = &(®) and electro-

lyte concentration ¢. Standard electrostatics yields a
2,2

Born-like equation FEjon = _22_5 (1 - m), where
2,25 1/2 . . i
k= (8Zec is the inverse of the Debye length. The

above formula, whose proof can be found in electro-
chemical textbooks [18], can be easily generalised to
the case of a space-varying ion distribution inside a
heterogeneous  dielectric  medium, a  situation
occurring for instance near a solute—solvent interface:

Eion = —555% [, (1 - —1:(®(2))—(11+K(2)a)) (e (2) +e-(2)dV,
where c . (z) is the local ion concentration and x~'(z) =
k '(ci(z),e(®(2))) the local Debye length. For ions of
radius a~10"® cm and local ion concentration 107> M
we find x(z)~1072 in water and at room temperature,
rising to ~107' for ion concentrations of the order
of 107" M. Since the Born energy is not appreciably
affected by the k(z)a term, we may replace to a good
approximation k(z) ~ k. Combining together the two
energy terms above one finds
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Emnt = XkT—/ (1 — ®(2))dV
Z%e? 1 1
- ME/V (1 B e(@(z))> (e+(2) +e-(2))aV

The local dielectric permittivity of the fluid contained in
Eq. 4 can be described to a good approximation as the
weighted average of solvent, ¢, and polymer, €,, per-
mittivities
&(@(2)) ~ (1 — B(z)) + &,P(2) (5)
a formula experimentally checked for many fluid mix-
tures including polymer solutions [19, 20].

The solution—solute interfacial energy per unit area
ys = y5(®(z)) describes the localised energy gain (or
loss) consequent to the formation of an interface. With
the term localised we refer to distances of the order of
the monomer size a. In the case of simple fluids y, can
therefore be identified with the solvent interfacial ten-
sion. A different situation arises when polymer coils are
considered; they form diffuse interfaces where the poly-
mer concentration slowly varies over lengths much lar-
ger than the monomeric size. In that case the interfacial
energy contains additional non-local terms described by
Eq. 3

1 ay
Esurr Na_/ <Vs|d> 0+8<§

where ys|g_, is the interfacial energy per unit surface of
pure solvent (® = 0) while the second term measures its
variation with the surface polymer concentration
(Oys/0D<O0 for polymer-adsorbing walls and dyg/0®>0
for repulsive walls). The local nature of these forces has
been imposed through a step function /i(z—a) (defined as
h(z—a)=1 for 0<z<a and h(z—a)=0 otherwise) which
limits the range of the interfacial forces to a distance
z=a from the interface. It is worth mentioning that
Oys/0® does not measure the polymer—solute forces;
even in the absence of direct forces (e.g. at the air—
polymer solution interface) dys/0® generally differs
from zero.

Finally, the energy of interaction between the solute
charge distribution and the still unknown induced elec-
trostatic potential (z) is

(D(Z)> h(z —a)dV (6)

D=0

Bir =0 [ WE)gds+ Ze [ (er)=c (DIar
)

The first term describes the interaction between the
solute surface charge density o, uniformly distributed
over a surface S, and the electrostatic potential gener-
ated by the surface charges. The second integral term
accounts for the interaction between the ion distribution
in the bulk solution and the previously defined potential.

Adding together the above energy contributions one
obtains

Etor
kT kTa2 / W (@)lodS

/ [ Oslomo o8], ®E)h(—a)

. a? oD(z)

' 24(1)(2)(1—(1)(2))( 7z )
—&-%log%—k(l —®(z))log(1—D(z))+yP(z)(1-D(2))
+cy(z)loges (z)+c—(2)loge—(z) —2¢loge

Ze !
e @) e R —Bles @) te- ()1~ s

)Jdv

(3)

where B = £ In the semi-dilute regime, ®(z)<<1,
we may expand the local polymer free energy up to
0(®*(2))

2o %E) 1 (1 d(z))log (1 — 0(2)) + 70(2) (1 — D(2)) ~
linear terms in ®(z) + %2 (2) +1v@?(2) + ...

©)

where v=1—-2y (v>0 means a stable homogeneous
solution, when v <0 a polymer—solvent phase separation
occurs [15]). Linear terms in ®(z) disappear in the fol-
lowing mathematical handling, therefore they have not
been retained.

It is worth noting that for long polymer chains,
N> >1, the logarithmic term in Eq. 9 is negligible. On
the contrary, for small molecules, N~1, the logarithmic
term dominates because ®(z) < < 1. These results high-
light the opposite behaviour of monomeric and poly-
meric solvents related to the sharp decrease of mixing
entropy with connectivity.

By using Eq. 9, one may rewrite the free energy
functional (Eq. 8) as the excess free energy with respect
to the bulk-phase energy due to the charged interface

LBt s [ o odS
o [ sl o+ e @@ — 0
a2 zZ _
2400 (acgi ) (0%~ ) (10)
+ci(z)loges(z) +c_(2)loge_(z) — 2cloge
Ze
+ 2 (er(e) — e (D)~ Bles )
e )G~

where & = ¢(®) is the bulk dielectric permittivity of the
polymer solution. The interesting property of the



transformed functional (Eq. 10) is that the integrand of
the volume integral vanishes in the limit z — oo,

Minimisation procedure

In order to calculate the concentration profile of poly-
mer and ions near the charged interface, one must first
minimise the free energy functional given by Eq. 10.

Energy minimisation must satisfy both mass conser-
vation and electroneutrality constraints

Ze/V (cy(z) —c_(2))dV = —aS (I1a)

/ O()dV = DV (11b)

3 2

where V' — o’ and S — < are the volume and the
interface of the polymer-containing electrolyte solution,
while ¢ is the interfacial electrical density of solute.

In order to simplify the following mathematical
handling, it is useful to perform a change of variable

D(z) = 0%(2)

which eliminates in Eq. 10 the disturbing ®(z) depen-
dence of the square gradient coefficient. Moreover, it is
also convenient to partition the volume integration in
two different regions: the first in the range 0 <z <a de-
scribes the fluid layer in direct contact with the surface;
the latter, in the range z>a, describes the true fluid
solution. Since the interface layer is narrow (z=a), we
may assume as constant both the interfacial polymer
concentration and the electrostatic potential

(12)

6(2)|z:0: 9(2)|z:a: COHSt? l//(Z)|z:0: lp(z)|z:a: const
(13)
Hence, by exploiting the integral identizties
fV( 5 ) dV=0 for 0<z<a, and [, <"02 ) av
=afs0(z 8?32 ’ s — [, 0(z 0(z>dV for z>a, the
transformed energy functlonal becomes
Etor _ EToT 1 1
kT - kT ‘z—»oo ﬁ < [ﬁaw(zﬂz:a
1 ay
kT(/S|tI> 0+ S|<1> 00 (2)].0)
d0(z
O(02) (0. ()., ~ 0@y 0, Jas
1 a? 0%0(z
+os [ 200 T+ 00 o) @y

(14)

where the shorthand notation has been used:
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0(0(2),4(2).9(2)) =3 (0*(2) ~ @+ (2} oge 2
c_(z)loge_(z) —2cloge) +f—;(c+ (2) (15)
1 1

—c—(2))Y(2) =Blci(2)+e-(2)) (=~

e &(0(z))

When expressed as a function of the new variable 0(z)
the polymer mass conservation constraint (Eq. 11b) in
the region z>a becomes

)

(16)

In this range the minimisation procedure with respect to
the functions y/(z) (where y{z) stands for c.(z), c_(z)
and 0(z)) under the constraints of Egs. 11a and Eq. 11b
requires the definition of a new functional

1
H =—Eror 4 Apci(2) + Ac_(2) + 200 (2)

T (17)

A+, A_and g being three Lagrange multipliers to be
determined. Extremisation of the functional (Eq. 17) is

obtained by the FEuler-Lagrange equation [21],
[, (6H /8y;)dV = 0, thus
OH _ oH 8 OH L 0? OH
oyi(z)  Oyi(z) Oz 8(8y]( )/32) 0z2 8(82 i(z )/822)
=0 (18)

When applied to the ion concentrations the corre-
spondmg Euler—Lagrange [21] equation takes the simple
form ac (Z) =0 and 3= = 0, hence

1ogc+(z)+1+k—;t//(z>—3<l 1

(19a)

loge_(z) + 1 —]f—;l//(z) —B(%—g—z) +2-=0
(19b)

The unknown Lagrange multipliers 4, and 4 can be
eliminated by calculating the limiting expressions to
Egs. 19a and 19b for z — . Since limy(z) =0

lim 02( ) = ® and ZILToCi( z) = ¢, we obtain *

s =c0w (55~ y) ) o0 () @

kT
When ¢(0(z)) — & (homogeneous polymer distribution),
Eq. 20 reduces to the classical Boltzmann formula for
dilute electrolyte solutions [22].
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We use now the Euler-Lagrange equation to mini-
mise the energy functional with respect to the polymer
profile 0(z) yielding

S 0y~ s 0D )y Bl )
1 9¢(0(2))
“+c_ (Z)|z:a)82(0(z)) 69(2)

=0 (21a)

|z:a -

for0<z<a
a_2529(z)
6 0z2

L s e oy L 06(00)

— Jo0(z) —v0(2)

(21b)

for z>a.

Ao being a Lagrange multiplier. Far from the solute
surface, z — o, the polymer bulk concentration is con-
stant, thus 0(z) — ®'/2 and §%0(z)/dz> — 0. Moreover,

ci(z) — ¢ and 82“}(2))62(;((;;) — 2 (&p — &)®"/? (see Eq. 5
for the definition of €(z)). Ap can therefore be immedi-
ately calculated

/lq):—v(i)—&—ngp_zgSE

(22)

The knowledge of Agp, together with the analytical
expressions for ¢, (z) and c_(z) reported in Eq. 20, al-
lows one to rewrite Eq. 21b as

+2E720(2) <1 -0 - D(l - F (9) cosh (Ze/lcpT(Z)> ))

(23)

where 0(z) = 0(z)® /2 and ¢ =a/(3v®)"* is the so-

called Edwards correlation length [15], which is a mea-

sure of the polymer profile decay. Moreover we defined
Ep—Es — N _ 3 2

D =685 F(0z) = (y) e (B

—a) A (g—z)%cp(ez(z) - 1) Fe

Equation 23 describes the scaled polymer profile 0(z)
near the interface under the effect of an electrolyte dis-
tribution modulated by the still unknown electrostatic
potential (z).

Finally, minimisation of the total energy with respect
to the interfacial polymer concentration 0(z)| _,,
Eq. 21a, provides the proper boundary condition at
z=a to Eq. 23. Using the analytical expressions for
c+(z)|,_, and rearranging, we get

and

a0 ) A
= K 4 Kol )y~ K1 - AP )y~ 1)
Zel//(z)|z:a 7
cosh (P Dezayjie)_,
(24)
where K| = % % o’ K, = 12§(j), K; = 24%%?55

and 4 =8(8-2)2"®.In the absence of ions (¢ = 0)
we recover from Eqs. 23 and 24 the celebrated de Gen-
nes equation and boundary condition for polymers at an
interface [15].

The last unknown function to be determined is the
electrostatic potential inside the polymer-containing
electrolyte solution. The electrostatic potential y(z) must
satisfy the Poisson equation [23]: div(e(F)Vy (7)) =
—47np(7), where p(7) is the density of the free moving
charges dispersed in the dielectric medium: p(7) =
p(z) = Ze(cy(z) — ¢-(z)). With the aid of Egs. 5 and 20,
which provide the analytical expressions of the electro-
lyte concentration ¢ (z) and dielectric permittivity pro-
file 869(2)3, the Poisson equation takes the following
form

0, .~ OY(z), kT _
5, e0(@)— )_sz

exp (B(i— : AIZ ))sinh (

Zey(2)
kT

) (25)

o is the bulk Debye length, a
measure of the elecfrostatic potential decay inside an
electrolyte solution [22]. The coupling between the
electrostatic potential y/(z) and the polymer concentra-
tion profile 0(z)is evident from Eq. 25. This equation-
must satisfy the obvious boundary conditions at infinity
limy(z) =0

Z—00

——1 8nz2ete -172
where k' = (&£ ec<

(26)

The boundary condition at the solute—solvent interface
z=0 can be obtained by integrating the Poisson equa-
tion (Eq. 25) over the whole solvent volume V. By
invoking the electroneutrality condition (Eq. 11a) we
obtain

(6] 25,

I
= —dnZes /V (c1(2) — c_(2))dV —dna

(27)

where o is the solute surface charge density.

Calculation of the polymer and electrolyte profiles

Equations 23 and 25 are the main result of this paper.
They describe two coupled non-linear differential equa-
tions (NLDE) satisfying non-trivial boundary condi-
tions at the solute—solvent interface, Eqs. 24 and 27,



together with the obvious limits lim0(z) =1 and
limy(z) = 0. Their analytical structlire somewhat
fes€mbles that of the coupled exciton-soliton motion
[24]; this interesting analogy, however, will not pursued
here. Although only numerical solutions can be obtained
to our equations, asymptotic solutions can be calculated
analytically in all but a few interesting cases. In the
following we list some useful limits to the NLDE system.

Small surface charge density and weak polymer
adsorption

In the case of small surface charge density o of the solute
surface the electrostatic potential (z) is small every-

where, namely one may approximate sinh Ze;fT )N
Zy(z) and cosh (Z"'” )) ~1 +0<(Zet//( )) )

mer concentration profile is ruled by Eq. 23 which, for
small (z), yields a simple equation

The poly-

829( )

o~ 20 (1-0() =0 (28)

where & = &2 — 64728 (8- 2)(2=2)%e. It is worth
noting that, even to the lowest approximation (Y(z) —
0), the model predicts a coupling between polymer and
electrolyte concentration. The main effect is a re-nor-
malisation of the decay lengths of the polymer profile
Eor. The solution to Eq. 28 satisfying the boundary
condition lim6(z) = 1 is analytical,

ctgh (Z;%)
0(z) = (29)
tgh(%)
the upper formula being valid for polymer adsorb-
ing interfaces while the lower one applies for

repelling interfaces. z, is an integration constant to be
determined by applying the boundary condition
(Eq. 24) and &4 is the salt-modified Edwards correlation
length. Inserting the analytical expression for 0(z)
into Eq.24 and using the identity [25]
1 = ctgh’x—1/(sinh’x), we find an implicit expression for
the integration constant z,
S 4 S —1=0 (30)
where f—ctgh(cz"”) = (0 (z)\Z:O/(i))l/2 is the scaled
interfacial polymer concentration and S| =
Cerr(K1 — K3(1 +4)); $2 = Cerr(Kz + K34).

Once the analytlcal expression for the polymer
concentration ®(z) = ®0*(z) has been obtained, we
proceed further by calculating the polymer-modified
profile of the ion concentration. This task can be
performed only if the electrostatic potential (z) is
known. This can be calculated from the linearised
Poisson—-Boltzmann equation (Eq. 25) performing
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first the change of variable y/(z) = S(z)/ 8(9(2)) which

transforms Eq. 25 into

- §<@1<z>>[ e <§1<z>>))
MU 28((;(2)) 88(22(2))) Is(z) (31)
~ 8252(22) — (@ + Crexp (—% (z+2.)))S()
~0

with Gy = (E—1)220x? - 8¢.7, since for polymers

adsorbing at the interface €, <es, hence C;<0. In de-
riving Eq. 31 we related the dielectric permittivity and
polymer concentration by Eq. 5 and used the analytical
expression for the polymer profile previously obtained.
The last approximate form of Eq. 31 is valid only in the
weak adsorption limit. In that case the constant z, is
large (it logarithmically diverges when the scaled poly-
mer surface adsorption energy goes to zero). This
observation allowed us to use in deriving Eq. 31 the

expansion [25] ctgh (”Z“) ~1+2-exp (—— (z —|—zo)>—|—

Seff
The further change of variable exp (— #(z+ 20)2 =
o ‘ —2— transforms Eq. 31 into an ordinary Bessel differ-
entlal equation

9”S(y) , 198(y) © _
(with u = k&.r) whose general solution is [26]
S(y) = AJu(y) + A2Yu(y) (33)

A; and A, being two integration constants to be deter-
mined while J,(y) and Y,(y) are two linearly indepen-
dent solutions to Eq. 32. Recalling that limy =0 and
lin(l)Y#(y) — 00, it follows that 4,=0. Bécause of the

=S(z)/4 /8(9(2)), the remaining inte-

gration constant, A, can be easily obtained through the
boundary condition (Eq. 27). Simple algebra yields

relationship Y(z)

y 4na
1= -
i 2:(06) N\,
e 12(02) S0 ()bt 2 (00)) 240
(34)
In the weak absorption limit y < <1, hence [25] J,(y) ~

()" r(”H + O0("*?) (I'(x) being the gamma functlon)
Combining the above results, the interfacial electrostatic
potential y(z)|.—( reads

dno

(35)

z=0

a simple formula that for constant dielectric permittivity
(6(0(z)) = &) reduces to the well-known result y(z)|,_,=
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4(’;“ [22]. We may easily calculate the denominator of
Eq. 35 obtaining to the leading terms

4 1 /B 1 — & =
~ __nia l+(z(=+1) —= % — & D& Kerr
eK 2\¢ KEeir 3

(36)

where K.x<0 is the effective surface polymer energy

—12(1 9s T HBép—é . .
Kerr = (kT_aq)_ ®:O+v(l) 28— c). Since in general

€,—€, <0 for polymers adsorbing at the interface and
1/kép<<B/e, it follows that the term in the square
brackets is greater than 1.

Introducing the equations for the polymer concen-
tration 0(z) and electrostatic potential y(z) into the
expression for c¢.(z), eventually one finds a simple
expression for the interfacial ion concentration

es(@egm 2 (1~ 20 B BlKtn| 7 Lo (2

(37)
while the surface polymer concentration is simply
D(2)],g= P(1 — |Kerrerr|) (38)

These simple equations (Eqgs. 37 and 38) are noticeable
and will be discussed later.

High electrolyte concentration

When the salt concentration is rather high, the decay of
the electrostatic potential on going from the charged
interface to the interior of the electrolyte solution is
much faster than that of polymer concentration. More
precisely, this condition is fulfilled when the Debye
length 1/k is far larger than the Edwards correlation

length ¢, namely $72°€¢¢> > 3;@ Under the above con-

dition the local dielectric permittivity &¢(®(z)) remains
essentially constant in the range of the electrostatic po-

tential variation allowing us to approximate 6(@(2)) ~
a(@)(z)|z:0). The modified Poisson—-Boltzmann equation
(Eq. 25) becomes

PY(z) kT . (Zey(z)
2 7o K2y - sinh T ) = 0 (39)

2 _ 2 % 1__ 1 . )
where Ky = K 0 P (B ( sw(z)l:,o))) The solu
tion to Eq. 39 is analytical [22]

2kT . 1 4 De7eit*

=—1log———— 4

V) Ze Ogl — Derenz (40)

where I' = tgh(Zey(z)|,_,/4kT). By applying the bound-
ary condition at the interface (Eq.27) one obtains

1

%6(@(2))|5Z0Keffr(l —I?) " =no, from which the

searched relationship between surface charge density o

and surface electrostatic potential y(z)|,_, is easily
found:

4
L A— o Small

§)o ~ { (00 e (41)
2kT 4dng o Laree
e O T &

The polymer concentration is modified by the elec-
trolyte concentration just inside a thin layer near the
charged surface. Within this layer (whose thickness is of
the order 1/k) the potential drops from y(z)|,_, to
nearly zero, while the polymer concentration remains
fairly constant about the interfacial value ~ @02( 2)|,o-
Outside the boundary layer the potential y(z) is practi-
cally zero while the polymer concentration slowly decays
towards the bulk value ®. The above reasoning suggests
we should adopt a simple interpolating expression for
the electrostatic potential

o (2)
W) ~ z@m4+ o

-z 0<z<Ocit

o (42)

Z > Zerit

where z.; is the distance at which the potential vanishes
Wiz )\ 0

Zarit A T k while analytical expressions for W(z)|.—g
Toz 70

and oy(z)/oz|.—o are given by Egs. 27 and 41. After
replacing the approximate expression for y(z) into the
free energy functional (Eq. 10) and minimising by the

Euler-Lagrange equation in the outer region z > z.;, we
find

&0(2)

— (43)

+2570(2) (1-0°(2)) = 0
an equation which is independent of y(z). Minimisation
of the free energy functional inside the interfacial layer
0<z<zy, together with the condition of constant
polymer concentration within the layer 0(z)_, =~
0(z)|,_,~ 0(z)|,y, yields a non-linear algebraic equation
which fixes the boundary condition to the differential
equation (Eq. 43)

e T P
AR 1 9e(0(2)
‘EB<;ﬁhA (400 - ) s e |
~0 (44)

Equation 44 is similar to that obtained in the general
theory and reported by Eq. 2la, the only difference
being that the interfacial electrolyte concentration
c+(z)|,_,+c—(2)|]-=¢ is now replaced by the mean

electrolyte concentration (ZLI o (er(2) + c,(z))dz)



calculated within a thin layer of thickness z.;,. Follow-
ing the same procedure used in deriving the boundary
condition (Eq. 24) we obtain

0z ‘z:a - [Kl + Kzaz(z)z:a

sinh (;g_; l//~(Z)|z:a>

B — A (= _
Kol =A@l = D=

10.(2)],_,

(45)

which differs from Eq. 24 just for the potential-depen-
dent term. The solution to Eq. 43 satisfying the condi-
tion lim0(z) = 1 is identical to that obtained for small

Zz—00

interface charge density as reported in Eq. 29; the
boundary conditions at the interface are, however, dif-
ferent.

It is worth noting that at high electrolyte concentra-
tion the original coupled NLDEs can be decoupled into
two independent equations, both having exact and
simple analytical solutions. The coupling between
polymer and electrolyte profiles is now transferred to
rather complex boundary conditions given by Egs. 27
and 45.

Let us analyse in more detail the behaviour of the
interfacial polymer density in the case of high and small
surface charge density o. When the electrical density of
the solute surface is small, the potential y(z)|._, is also
small. Recalling that 20 — 1 + O(x?), the boundary

condition (Eq. 45) becomes identical to that calculated

in the previous section for weak surface density. In that

case the surface potential (z)|,_, is given by Eq. 36.
On the contrary, at high potentials we may set

sinh x =, Lel. By exploiting the relationship between o
x>>

and Y(z)|,_, given by Eq. 41 and recalling that y/(z)|__,
=Y(z)|,_,, we obtain a simple equation for the interfa-
cial potential

¥(2)].—a
kT Ze4n|o|
~ 27 8T o
kT (B g 8(9(Z)|Z:a)
——|=l1-——F + log —
Ze\e\ (b)) ‘

with ¢(0(z)._,) ~ &, namely the dielectric permittivity
of the polymer solution near the interface is roughly
equal to that of pure solvent. Since ¢>¢ for adsorbing
polymers, it follows that the correction to the surface
potential due to inhomogeneous polymer—electrolyte
solution mixing is a/ways negative. It is worth recalling
that at low surface charge density this correction is a/-
ways positive. Following the same procedure used to
calculate the interfacial electrolyte concentration at low
solute surface charge density o, we obtain in the limit of
high ¢

e (2) . £ <Ze4n|a|)jFz
+(Z)],—0~ - P h—
T e(0E),) T

Again ¢(0(z)|,_,) ~ &, while from Eq. 45 the surface
polymer concentration is simply

loga 4
@) (2] =0

namely, polymer coils are expelled from the charged
surface by the large number of adsorbed ions.

Finally, when the surface potential is high, but still
comparable with the polymer adsorption energy at the
solute interface, we must consider the full expression for
the boundary condition given by Eq. 45. The final for-
mula is a cubic algebraic equation identical to Eq. 30 but
with different coefficients

S S —1=0 (49)
where S| = «feff(Kl —1K3(144) log—zcz) and S, = &yp
(K2 +%K3A log—zcz) the charge density-related C coeffi-

cient being C = f—;“;‘—; The most interesting feature of
Eq. 49 is that multiple roots to f may occur. Standard
analysis of the cubic equation (Eq. 49) shows that the
onset of real and distingt roots arises when [25]
x(x=5)" = (3x8, +3 —*)", with x=. Such an
identity takes place only for §,>>S, (more ¢xactly when
S/1 ~ _\/ilisﬁ)' From a physical point of view this happens
when polymer adsorption is roughly compensated by the
interfacial polymer expulsion consequent to the poten-
tial-induced ion gathering at the charged interface.

A similar analysis has been performed for the previ-
ously described cases of very small and very high surface
charge density (Eqs. 38 and 48). In both cases only a
single real root has been found.

(48)

Calculation of the solvation energy

Once the concentration profile of electrolytes and poly-
mer near the solute—solvent interface has been calcu-
lated, we proceed further to obtain an analytical
expression for the solvation energy.

Replacing the analytical expressions for log ¢ (z) and
log ¢_(z) given by Eq. 20 into the energy functional
(Eq. 10) and making use of the mass conservation con-
straint (Eq. 11a), one may rewrite the ion mixing en-
tropy term as

%/V [c4(z)loges (z)+c-(2)loge—(z) —2¢logeldV

:consH—%/V {B (%—m) (ci(2)

re @)X P e )@ av
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Now, inserting the above formula into Eq. 10 and
rearranging, the c.(z)-dependent energy contributions
cancel each other while only the 6(z)-dependent ones
survive. Moreover, replacrng also the formulas for the
surface polymer density 0°(z )|Z: and its gradient

00(z)/0z|,_, given by Eq. 21a, eventually we obtain a
simple result for the total energy

EOPTIMISED
TOT

kT
_ Evor

2
=21 P

11 6/5
et Coshanot Sl

Frode) s S [ ]

V(0 (z) = ®*))av
(51)

It is worth noting that the above energy functional
depends now only on the polymer concentration
®(z) = 0*(z) and interfacial electrostatic potential
V(z)|,_, but it does not depend any longer on the local
potential (z). It must be recalled, however, that the
polymer concentration is in turn related to the elec-
trostatic potential through a system of coupled NLDEs
(Egs. 23 and 25). The simple result described above is
not true in general. It holds provided the c.(z)-
dependent part of the energy functional is of the kind
ct(z)loges(z) + F(0(z)) - c+(z) (i.e. dilute electrolyte
solutions where ¢2 (z) terms are lacking), otherwise the
minimised energy functional (Eq. 51) does also contain
Y(z)-dependent terms.

Small surface charge density

When the surface charge density of solute is small the
electrostatic potential has a negligible effect on the
polymer distribution. Even in the absence of a surface
potential, the presence of free moving ions modifies the
polymer distribution because of the ion—polymer partial
incompatibility.

Replacing the analytical expression for 0(z) and
V(2)|,_, calculated from Egs. 29 and 35 into the mini-
mised energy functional (Eq. 51) and integrating (all the
integrals have close analytical expressions) we get the
following expression for the total energy per unit surface

P E(T)CP;¥IMISED 1
?T = Ii—TUI//(ZMz:oJFﬁVsh):o
+ KB+ [2(1=2n) =3(1 = n)f + (1 +n)/°]
12 lgfeff
(52)

where f_Ctgh,g. r) (D(2)],— o/ﬁ))l/z>1 is the scaled
interfacial poly er’ concentration given by Eq. 30 and
n = (Cerr/ 5)

The physical meaning of the different terms is
transparent. The first one describes the electrostatic
interaction (per unit surface) between the solute charge

density ¢ and the electrostatic potential related to the
polymer-modified electrolyte distribution. The second
term is the interfacial tension of pure solvent (® = 0), a
value generally increased by the presence of electrolytes
[27, 28, 29]. The third contribution describes the
reduction of the solvent interfacial tension due to
polymer adsorption at the interface (K <0). Finally, the
last term describes the energy of the “diffuse” interface
due to the connectivity-related correlation of the
polymer chains.

In the limit of weak polymer adsorption f=1+t with
1< <1; this allows us to expand Egs. 30 and 52 in power
series of 7. Solving for T and combining these results with
the analytical expression for y(z)|,_, given by Eq. 36,
eventually we obtain to the leading terms

2 OPTIMISED 4. 2 1/B 1 e
a Lot %lw 1+ (= jJrl _ Fpigs
S kT ekkT 2 Kéeff &

1 | +a(I) Lo (G 2K
kT/Scb 0 2 1— é eff

(I)K eff :|

(53)
where gg,fT is the electrostatic energy of a flat charged
surface imbedded in a homogeneous electrolyte solution
(polymer enters in modifying the averaged dielectric
permittivity € and Debye length x). The term in the
square brackets accounts for the ion redistribution
associated with the polymer inhomogeneous profile near

the interface (K; = %~% - <0 is the polymer inter-
facial energy in the absence of electrolytes; Ker = K +

Ly

— 2&_813—85 C
a E— & -
corrected for ion rearranging near the interface and for
polymer— polymer repulsion). The last terms in Eq. 53

2
T slo—ot 2 3K — (“") Ker| describe the interfacial

is the effective interfacial energy

tension of the polymer solution. This is sensitive to the
salt concentration which re-normalizes the decay length
& of the2 _polymer profile ¢ = —6a2%
(2 —2)(®2=")"c®, while the effect of the electrostatic
potential on the polymer interfacial tension is small at
low o.

In writing the final equations for the total solvation
energy (Egs. 53 and 54) we reported only the dressed
contribution to the electrostatic potential, a positive
term that depends both on the surface charge density o
and on the solution dielectric properties and ion con-
centration. The bare contribution (negative), depending
only on o, does not change on varying the solvent
properties.

High electrolyte concentration

At high electrolyte concentration the equations for
the electrostatic potential and polymer concentration are
not restricted to the small surface charge density case,
but a general expression covering the whole range of
charge density o can be obtained. For the sake of



compactness and in order to gain a better insight into
the different energy contributions, we report the limiting
formulas obtained for small and high 6. When ¢ is small
the optimised total energy becomes identical to that
calculated by Eq. 53. However, when o is very large we
obtained a completely different equation

42 EOPTIMISED . Zednlol kT B z
_TOT—zZH og— 7|_ |——(?(1 )
S kT Ze TkT e Ze'e (0.(2)],—,)

£(0.2)].2), |, 1 O )’

log—\lz=a/y 4~ 1o —(142(=

+ 0og z )+kT yS|®:O+9éeff( + ( f ) )

(54)
Ze 4nlo|

In the large ¢ limit 2%log = E;‘ describes the electro-
static energy of a flat charged surface imbedded in a
homogeneous electrolyte solution. The second term in
Eq. 54 describes the variation of the electrostatic energy
related to the inhomogeneous polymer distribution. The
effect is considered through the interfacial dielectric
permittivity &(0(z)|,_,) of the polymer+electrolyte
solution (at high ¢ values 8(0(Z)|Z:a) ~ ¢, the pure sol-
vent dielectric permittivity). Finally, t?e last two terms

of Eq. 54, ﬁ?s|&>zo+% 1+2(%“> ), describe the

interfacial tension y4(®) of the polymer solution. Notice
the different expression obtained for y¢(®) in the limit of
small, Eq. 53, and large, Eq. 54, ¢ values.

The behaviour of the optimised total free energy
(Egs. 53 and 54) on varying polymer or electrolyte
concentration or surface charge density will be discussed

in the next section.
Results and discussion

The mean-field model here developed allows one to
predict, at least qualitatively, several properties of sol-
ute—solvent interactions in mixed solvents. It is evident
from the limiting cases investigated that the idea of
treating a complex solvent by a weighted average (WA)
of the different component properties dramatically fails
in several circumstances. Considerable deviations from
the WA picture naturally emerge from the present model.
Furthermore, new phenomena totally lacking in a WA
picture take place. In particular, three effects described
below seem to be worth investigating in the future.

Properties of the polymer solution far from the solute
interface

Even far from the interface salt addition strongly affects
the behaviour of the polymer solution. Since far from
the surface the gradient term of the free energy func-
tional (Eq. 10) goes to zero, a standard linear stability
analysis shows that phase separation in polymer-rich
and electrolyte-rich phases occurs when the effective
polymer decay length .y is greater than zero, namely

&% —6a 28 (8- 2) (2-%)’d>0, where ¢ = a/(3v®)"/’

& \&
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is the decay length in the absence of salt. Since 2
ﬁfﬁﬁ >>1 (as checked using reasonable estimates of
the different parameters), we may conclude: (i) high
electrolyte concentration ¢ favours phase separation of
the polymer solution; (ii) multi-valent ions (Z>1) are
much more effective in inducing phase separation (the
lowering of solvent quality roughly decreases as Z~
provided B/e>>1); (iii) salt-induced phase separation is
easier for polymers less polar than the solvent. All these
predictions are empirically well-known [30, 31].

“Solvation transitions’’?

The likely occurrence of ““solvation transitions’, namely
sudden variations of the solvation energy for certain
critical parameters, is an attractive feature of the present
model. The phenomenon shares strong similarities with
the hydrodynamic instability in stratified fluid layers
under a gravitational field. Convective instabilities arise
when a denser fluid is placed on the top of a less dense
fluid. Gravity tends to reverse the initial layered distri-
bution, determining the onset of convective motions
above a critical threshold related to the field strength
and fluid—fluid interfacial tension [32].

In the case studied here (polymer chains less polar
than solvent), a polymer-rich layer is spontaneously
formed at the solute—solution interface at low surface
charge density. In the case of PEG—water mixtures such a
conjecture has been verified by surface pressure [33] and
neutron reflection measurements [34] at the air—polymer
solution interface, which clearly evidence interfacial
polymer adsorption. Because of the lower solubility of
the electrolytes in polymer-rich regions, ions are pushed
far away from the uncharged (or slightly charged) surface
(Eq. 37), as found by neutron data [34] and inferred from
the salt effect on the surface pressure [35]. The effect
accompanying salt depletion at the interface is the en-
hanced polymer adsorption on increasing the electrolyte
concentration, a result theoretically predicted (Eq. 38)
and experimentally found [33, 34, 35].

However, on increasing the solute charge density g,
the electrolytes are strongly attracted by the interface.
The system becomes unstable: there is a huge electrolyte
flux towards the interface accompanied by a backward
flux of polymer towards the bulk because of partial
incompatibility between ions and polymer. At high o
values the interfacial polymer concentration may be-
come very small (Eq. 48) determining a consequent in-
crease of the solution surface tension (the last two terms
of Eq. 54). This is in sharp contrast to the low ¢ case
where the surface tension decreases (the last two terms of
Eq. 53). Indirect evidence of polymer (PEG) depletion
near strongly charged interfaces has indeed been re-
ported in the literature [36, 37, 38]. A cartoon of the
above described scenario is given in Fig. 1 where we
show both the ideal case (a) uniform polymer distribu-
tion, and the non-ideal case (b) coupled polymer—elec-
trolyte distribution.
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As shown in the theoretical section (see Eq. 49), the
change between these opposite situations is not contin-
uous but it may occur through a first-order phase
transition. We do not expect, however, dramatic effects
in the total solvation energy and related properties like
solubility. In fact, the two energy minima, correspond-
ing to a polymer-rich or an electrolyte-rich solute—
solvent boundary layer, are qualitatively similar in
energy. The polymer-rich boundary layer is stabilised by
a smaller cavitation energy but it suffers from a more
unfavourable electrostatic energy; on the contrary, the
electrolyte-rich solvation layer is stabilised by a far
greater electrostatic attraction but the cavitation energy
is enhanced by a greater surface tension of the polymer
solution. The balance between the compensating elec-
trostatic and cavitation energies strongly reduces the
possibility of observing discontinuities when plotting
thermodynamic properties like, for instance, solubility
data or solvation heats as a function of polymer con-
centration or solute charge density. Other phenomena,
like chemical reactivity at solid—fluid interfaces or spec-
troscopic properties of interfacial molecules which probe
local properties, should be more sensitive to the elec-
trolyte/polymer concentration reversal on increasing the
electrostatic potential.

A much simpler behaviour is predicted when the
polymer is more polar than the solvent. In that case,
even at low, or zero, solute surface charge density ¢ the
first solvation layer contains more electrolyte than
polymer. With rising ¢ there is a monotonous increase of
electrolyte and a decrease of polymer concentration. The
situation therefore resembles the stable configuration
of a lighter fluid layer placed on the top of a heavier
layer.

Failure of the classical partitioning of the solvation energy

The partitioning of the solvation energy into electro-
static and cavitation contributions is a fairly valid
approximation in simple one-component solvents. Such
an energy partition scheme is believed to be still valid in
the case of complex fluid mixtures. We have proven,
however, that this approximation might be totally
incorrect in some cases. A careful analysis of the simple
(but very approximate) equations here developed sug-
gests that, even at small surface potentials, the electro-
static contribution to the total solvation energy
decreases with the interfacial tension of the polymer
solution (as described by the K.gdependent contribu-
tion in the first term of Eq. 53).

A more dramatic coupling is evident at high surface
charge density. Here the indirect effect of the electro-
static potential counter-balances and may even reverse
the polymer-induced lowering of the interfacial tension
(see the fourth term in Eq. 54). On the contrary, the
electrostatic contribution is strongly favoured by the
potential-related increase of the polymer interfacial
tension (the second term in Eq. 54).

Another consequence of the interplay between elec-
trostatic solvation energy and cavitation (or solvopho-
bic) forces in polymer + electrolyte solutions appears in
the effect of salt concentration. At zero (or low) solute
charge density o, salt decreases the surface tension [34,
35], partially mitigating the well-known increase of the
electrolyte solution surface tension with salt concentra-
tion in the absence of polymer [27, 28, 29] (water-soluble
polymers are indeed known to protect proteins against
salting-out properties of electrolytes [39, 40]). Because of
the strong coupling between electrostatic and solvo-
phobic forces the above effect is no longer true at high a:
the surface tension of polymer + electrolyte solution now
increases with salt concentration <(the last two terms of

Eq. 54: 75(®) & rvslomgt &2 1+2(%) ), the salt

dependence being contained in the parameter . defined
by Eq. 53.

Concluding Remarks

In this work we have proposed a simple continuum ap-
proach to describe the solvation energy of large charged
particles suspended in a semi-dilute polymer—electrolyte
solution. At variance with earlier papers, we do not
consider any direct interaction between solute surface
and polymer. The calculated variations in the polymer
profile (and in the related solvation energy) are the result
of the mutual polymer—electrolyte partial exclusion. The
ability of the model to qualitatively predict and explain
several effects is self-evident. As it stands, however, the
theory seems to be of little utility in quantitative predic-
tions for real systems. Some approximations have been
introduced just to obtain a physical insight into the
phenomenon and could be removed at the expense of
heavier mathematical complexity, while others deserve a
more careful analysis. A crucial limit of our model is the
solute geometry, that has been restricted to the case of an
idealised flat infinite surface. While the adopted picture
of semi-dilute polymer solutions forced us to consider
large solutes, curvature effects could be introduced by
exploiting the different scale lengths. On a large scale
curvature effects can be considered through a systematic
perturbation expansion in terms of the inverse curvature
radius 1/R (present results are valid at R — o). This job
has indeed been performed for polymers near curved
surfaces [41, 42] and can be easily extended to the poly-
mer + electrolyte system here considered.

On an atomistic scale all surfaces are rough. The
majority of recent solution theories have stressed the
importance of a careful description of the solute—solvent
interface in calculating the solvation energy [1, 2, 3].
While the electrostatic contribution described by the
Poisson—-Boltzmann equation (Eq. 25) could also be
obtained in the case of an irregular surface, the coupled
polymer distribution (Eq. 23) could not. However,
polymer correlation length &.¢ and surface roughness
size D have in general different scales, for roughness of



the order of molecular diameters &.4> > D. Therefore,
near the solute surface the polymer concentration decays
slowly, being nearly constant near the interface. Atomic-
scale roughness can then be inserted into the model
through an averaged boundary condition to the differ-
ential equation (Eq. 23). This procedure allows one to
retain the simple analytical structure for the polymer
distribution function far from the surface.

Much work is still needed to build-up a quantitative
model of multi-component polymer solvents and more
questions have been opened than solved by the author.
It is our hope that useful hints could arise from this
work.
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